The Birch—Murnaghan
Isothermal Equation of State

(Derivation of third-order form)



Equations of state (EoS) in general

» Relate thermodynamic state functions (variables that depend
only on equilibrium)
* Theseinclude T,P,V,U, H, G, S, p

« As opposed to functions of process (path-dependent variables)
* These include Q, W

« Simplest EoS for is PV = nRT (for an ideal gas)
* Does not account for intermolecular effects

» Simplest EoS for a solid is K = =V (Z—II;)

» Does not account for the increase of incompressibility with pressure



The Murnaghan equation of state

 Created by Francis D. Murnaghan (chair of mathematics at Johns
Hopkins) in 1944

* Murnaghan, F. D. (1944). “The compressibility of media under extreme pressures.” Proceedings of
the national academy of sciences of the United States of America 30(9), 244-247.



The Murnaghan equation of state

* Define isothermal bulk modulus: K=-V (Z—i)T

« Assume bulk modulus varies with pressure: K = K, + K,P

» Equate and separate P and V: ab__ _
K0+ KOP V

— K’
* Integrate: P(V) = KI,{,O [(;) D 1]
0 0



The Murnaghan equation of state

 Satisfactory fit to experiments if P < ~% and % > 0.9

* Does not account for the change in K, with pressure

* Need an equation that considers P, K, K’
» Also must make K’, negligible as pressure goes to infinity



The Birch—Murnaghan equation of state

» Created by Francis Birch (Professor of Geology at Harvard) in 1947
* Birch, F. (1947). “Finite Elastic Strain of Cubic Crystals.” Physical Review 71(11), 809-824.

* The “order” of the EoS depends on how many volume derivatives of
force you evaluate. Murnaghan EoS is equivalent to the first-order form.

* The complexity of the algebra increases exponentially with each order.

* The more precise your experimental data, the higher the order you can
reasonably fit.

» The third-order form overwhelmingly dominates high-pressure geoscience.



The Birch—Murnaghan equation of state

-2

 Finite (Eulerian) strain f = %[(1)? — 1]

Vo
« Force can be represented by expanding finite strain F = foaj

* This assumes homogenous strain and isothermal compression

 We will solve for the three “known” variables in order:
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Solving for P
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*F = Yflaj=ag+aif +af?+asf>

9V afov
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°§=0+a1+2a2f+3a3f2
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¢ P — _alﬁ_zazfﬁ_ 3a3f25



Evaluate at ambient conditions

af af af
°P=—a1£—2a2f£—3a3fzﬁ
*WhenP=0:f=0
e0=—g.% _o_
0=-a,2Z-0-0
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Solving for K
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L 9P _ azf of 92f af\?2
2 = —2a,f 2L~ 20, (L)’ -33f2——63f(a)

K=V 2a2f62f+2a2 (Zi) +3a3f262—f+6a3f(af)]



Evaluate at ambient conditions

oV
« At P =0: f=0, K = K,, V = V,

i 2
'KOZVO O+2a2(g_‘];) +O+O]
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Solving for K’

.K’—

2,
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e (-9

K 9KAV K[ V oP
oP _ 9V oP aV( ) (because K = _Vﬁ)

K =v|(200 55) + (202 (%)) + (35r55) + (605 (32) )]

5= (o 58) (e (F)) « s 58) (o () )] G

afazf) ( of 2°f afazf) ( of 2°f zﬁ) (af)
2a 425y av2 2a 26V6V2+2 2 9y V2 a3f6V6V2+3 3f V3 t+{6as v T

126,/ 55 (5) )

Parentheses show which terms come from the same derivation step
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Evaluate at ambient conditions
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Evaluate at ambient conditions (cont.)

C K= (- )[ of 2L+ 20, (2 + 3452 2L + 6asf (£ +Vlmhfﬁf
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Evaluate at ambient conditions (cont.)

* K’y = (_ K_O) 2 (KDVO E)% + Vo6 (KOVO )27V s T Vobas 27Vl ]
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Solving for P (again)
e P = —alg_f_zazfg_i_ 3a3fzg_£

* Now we know:
o a1 = O

9
* Ay = KOVOE

caz;=(K'o—4) 9K0VO
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O _ D1V
v~ 3V, (VO) . s
% 27KoVy 0 —1 (V
P =—9KoVof 5 3V (V_O) C K- sz 3V, (VO) 3

-5

c P=3Kof () + Ko - DT (i)° —BKOf() 1+ (o - 237



And finally...
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